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The usual axioms of quantum field theory are modified to allow a uniform treatment of stable and unstable
particles without making explicit use of asymptotic conditions. A definition is proposed for the physical
state of a single, neutral, scalar (or pseudoscalar) boson. The consistency of this definition requires the
corresponding one-particle amplitude to satisfy an integral equation whose solutions depend on the mass
spectrum and the preparation mechanism of the particle. The unstable particle decay law is obtained from
the one-particle amplitude and at very long times appears likely to depend on the details of the preparation.
For stable particles, the formulation given in this paper is shown to coincide in an asymptotic sense with
the well-known Lehmann, Symanzik, and Zimmermann formulation. The generalizations to many-particle
states and to particles with spin % are indicated briefly.

1. INTRODUCTION

EW problems in the definition of particle states
have arisen fromattempts to include a description
of decay processes in quantum field theory. In the first
axiomatic formulations of quantum field theory,'? it was
simpler to ignore the weaker interactions and to consider
only the collision processes of stable particles. These
formulations make use of some assumptions which are
incompatible with observed decay interactions. The
time-like asymptotic conditions on field operators are
clearly applicable to stable particles only. Since the
definition of particle states in the Lehmann, Symanzik,
and Zimmermann formulation,? depends on the asymp-
totic conditions, the difficulty of defining unstable par-
ticle states is immediately evident. Also invariance
under improper Lorentz transformations is not permis-
sible, since violations may be possible among weak inter-
action phenomena.

Many of the more rigorous treatments of unstable
particles have aimed at consistent definitions of masses
and lifetimes.>=5 We shall assume here the existence of
unambiguous definitions for the mean positions and
mean widths in the mass spectrums of fundamental
particles.

Matthews and Salam,* defined unstable particle states
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but these seem too dependent on rather artificial defini-
tions of the masses and lifetimes. A definition by Ida,’
of an unstable particle state is unsatisfactory since it
appears to rely upon the assignment of a complex mass
to the unstable particle. Peebles,” has given a pre-
scription for uniformly representing stable and unstable
physical particle states, but the effect of observations is
not treated thoroughly enough, and the one-particle
amplitude is not considered at all. We prefer to set up a
somewhat different representation which explicitly ex-
hibits fundamental relationships between a one-particle
state, the corresponding one-particle amplitude, and the
general preparation mechanism. First, we must adjust
the usual statements of the basic postulates of quantum
field theory with a view to dealing with unstable par-
ticles, then we can define a physical one-particle state.
As a consequence of our definition, we deduce the
general structure of the one-particle amplitude and its
fundamental dependence on the preparation mechanism.
The unstable particle decay law is deduced from the one-
particle amplitude and its possible dependence on the
preparation mechanism at very long times is shown.
We also show how to construct many-particle states
from localized one-particle states and thence reduce
the scattering matrix for a collision process to vacuum
expectation values of operator products. Sections 2 to 7
deal only with neutral, scalar (or pseudoscalar) bosons,
but, in Sec. 9, we outline the extension to fermions with
spin 3.

2. POSTULATES

We shall use only those postulates of axiomatic field
theory,®? summarized below:

I. Quantum physics applies, and, in particular, the
states of the system correspond to the vectors of a
Hilbert space H with positive-definite metric.

II. There exists in H a set of Hermitian Heisenberg
field operators A (X) which describe a neutral, scalar (or

6 M. Ida, Progr. Theoret. Phys. (Kyoto) 24 1135 (1960).
P.J. Peebles Phys. Rev. 128, 1412 (19 )

8 R. Haag and B. Schroer, J. Math. Phys. 3, 248 (1962).

9 D. Ruelle, Helv. Phys. Acta 35, 147 (1961)
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pseudoscalar) boson field. The quantities 4 (x) are to be
interpreted in the sense of operator-valued tempered dis-
tributions such that the expression

A(X)= / @A (2)X (x)

is an operator in H and gives definite results when
X (x)e 8413 Also, these operators A (X) are defined on a
common linear manifold of vectors D dense in H such
that A(X)DCD and D may be obtained by applying
any polynomial in the operators 4 (X) to the vacuum.

II1. Unitary operators U(a,A) exist in H correspond-
ing to proper inhomogeneous Lorentz transformations,
where A is a homogeneous Lorentz transformation and
@ is a translational transformation. The field operators
A (X) transform under a Lorentz transformation accord-
ing to

U((Z,A)A (X) U_l(‘l)A) =4 (X{a,A}) ’
where
X (a,0)(®)=X (Ax+a).

In particular, we have U (e,1)=exp(—iP,a*) where the
P, are infinitesimal generators of the translation opera-
tor. Also, the mass operator is M= (—P?)!? where
—PQ = P ()2“‘].)2.

IV. The structure of the energy-momentum spectrum
is such that the eigenvalue p, of P, satisfies

—p*=p’—p*20 and $o20
and a unique vacuum state |0) exists where
U(A,@)|0)=]0) and P,|0)=0.

There are one or more discrete eigenvalues m;, m2- - - of
the mass operator corresponding to states of single
stable particles and a continuum of mass values above
2my in which there may be one or more ranges of mass
values corresponding to states of single unstable
particles.

V. [4(@),4 (y)1=0if (x—y)*= (x—y)*— (x0—30)*>0.

Note that we do not assume any asymptotic condi-
tions nor invariance under separate parity P,charge con-
jugation C, and time-reversal T transformations so that
our formulation will be valid for weak interaction proc-
esses. However, we may still have invariance under the
(PCT) transformation.”® Note further that the above
postulates are sufficient to imply®the existence of free in-
going and free out-going time-like asymptotic states for
stable particles, if B;(x;)T|0) belongs to a discrete ir-
reducible representation I'; with mass m; of the covering
group of the inhomogeneous proper Lorentz group and

where
B’L(xl) =U (x171)A I(Xl) U(x’f;l)——l .

10 R. Jost, Helv. Phys. Acta 30, 409 (1957); S. S. Schweber, An
Introduction to® Relativistic Quantum Field Theory (Row, Peterson
& Company, Evanston, Illinois, 1961), p. 731.
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It is yet to be shown that field operators for unstable
particle fields exist and satisfy the postulates. The pos-
sible construction of such field operators provides an-
other interesting problem which has been examined to
some extent by Hama and Tanaka.!

3. ONE-PARTICLE STATES

We aim to construct not an ideal free one-particle
state but a state which will be physically observable as
a one-particle state representing either a stable or an
unstable particle. Even in a field theory of unstable
particles we may be able to construct a complete
orthonormal system of basic vectorsspanning the Hilbert
space in the Heisenberg representation from the asymp-
totic fields of stable particles applied to the vacuum. Un-
stable particle states can only appear as a result of the
dynamics of some production or scattering process
beginning and ending with stable particles. Let us,
therefore, recall the usual expression for a one-particle
state,? using the asymptotic field of a stable particle.!?
We have

| in)=45,|0)

® ds
=—3 }'LII.}O . ;X(S)
- 3
x / dou() A (5 —Fu(@)]0) (1)
o 9%,
Tuy=0opu(s)

where the field 4 (x) describes particles of mass 7 and

>

Aaf 94 fod of
axﬂax 6x'

To have a normalizable state a discrete set of positive
energy ‘“wave-packet” solutions, {f«(x)} of the Klein-
Gordon equation have been used so that

ful@)= / RO E e Tul) ()

and the f,(x) form a linear vector space which becomes
a Hilbert space on defining a scalar product of the form!

>

< d
fuf) = —i f )12 G)—Fo ) =8, )

—0

which implies the restriction
L 3

(2n)® / s 0RO @

11 M. Hama and S. Tanaka, Progr. Theoret. Phys. (Kyoto) 26,
829 (1961).

12 The operation of complex conjugation will be indicated by the
superscript * and the operation of Hermitian conjugation by super-
script 1.
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on the otherwise arbitrary function f(k). Also, do, () is
a space-like surface element with normal in the time-like
direction of x,. The quantity X(s) is a test-function
possessing derivatives of all orders and vanishing faster
than any power of s~ outside a region —27'<s<—T
and is approximately unity inside this region.

It may be meaningless to ask for the asymptotic
properties of unstable particle fields since, in the infinite
time-like limits, an unstable particle does not exist
physically. We are therefore prevented from interpreting
an unstable particle field in terms of a specific particle in
the usual way. If one-particle states are to be defined
without using time-like asymptotic limits, we must con-
sider particles created by an external source in a region
of space-time V (x) given by

t—T<x0§t-|—T,

n—Rini$n+Ri, 1= 1, 2, 3.

We now choose

Xy ()= Xr (%) Xr(x)

to be a test-function with region V as its support such
that Xye 84.1* We will replace X (s) in Eq. (1) by Xv (x) to
take into account the fact that the preparation or
detection of a single particle cannot be accomplished
instantaneously or at a geometrical point in space. Call
Xy (x) the preparation function, since its explicit form
depends on the details of the preparation of the particle.

No particle can be observed with perfect accuracy, so
a physical one-particle state need not describe an exact
eigenstate of the displacement operator P,. Therefore,
a one-particle state may not be observed as an exact
eigenstate of P, due to one or both of the reasons:
(a) The state of the system will be unavoidably per-
turbed by any measurement performed on the system.
(b) A fundamental property of the state may be that it
is not an exact eigenstate of Pj.

Clearly, it may not be necessary to define a one-
particle state to be an exact eigenstate of P,. The form
of the wave-packet f.(x) in Eq. (2) is inadequate, for,
although it already allows for an arbitrary momentum
spread, it chooses a precise mass value m for the
one-particle state in Eq. (1). However, note that in
Lehmann, Symanzik, and Zimmermann theory,? we can
write

Ja(®)=(0] 4 (x)|a, in). ©)

Therefore, instead of a wave-packet f,(x) with a definite
mass, we can use (0| 4 (x)| e, in) which we hope to calcu-
late from the representation of the one-particle state
itself.

We propose to restrict a one-particle, neutral, scalar,

BL. Garding and J. L. Lions, Suppl. Nuovo Cimento 14, 9
(1959).
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(or pseudoscalar) boson state by

[P;ayV>:AVaT l 0>

—iN [ *
_—n / ds / dou ()X (x)
2T J_o —0

2p=0y(8)

«>

A 9 0lA4 V) 110 6
x[ @014 po >}| . (6)

In Sec. 4 and 5, we will use Eq. (6) and postulate IV
to deduce a general form for the one-particle amplitude
(0|4 ()| p,&,V) in terms of the Lehmann spectral func-
tion and the preparation function. If this general form
for (0] 4 (x)| p,, V) is put back in Eq. (6) then it will be
clear that Eq. (6) can be a representation of a one-parti-
cle state with average mass m, average momentum p,
and prepared near a point r in space around a time ¢.

4. PARTICLE CONDITIONS

It is to be expected that the concept of a particle is
mainly qualitative and arises from the appearance of
peaks in the mass spectrum. Of course it is still an open
question as to how much of the mass spectrum can be de-
duced and how much can be assumed as “elementary.”
We hope to show that this problem can be reduced to
finding elementary fields.

To be certain that we are preparing or detecting a one-
particle state of mean mass m, our measurements must
be sufficiently accurate to distinguish the peak in the
energy spectrum near the energy value (p*+m?)'?
where p is the average momentum of the particle, from
the other contributions to the spectrum. As Ida pointed
out,® the uncertainty principle then gives a restriction
on the time required to prepare a one-particle state. We
state Ida’s particle conditions in a form slightly altered
to suit our purposes:

(1) For a stable particle, we must distinguish between
the discrete contribution at mass m and the continuum
in the spectrum. If the average momentum is p, then
the indeterminacy of our energy measurements AE must
satisfy

TISABK (B mad) = @), (1)

where mu, is the lowest mass value of the continuous
mass spectrum. To eliminate negative energies we must
also have

T-1 g AE<< (pz_l_mz)l/z . (8)

(ii) For an unstable particle, the analogous relations
are

TS AEKL (pPm2) 12— (p*+m?)' 2, )
TS AEL (pP+m?) 12— (pP+-mg?)'?, (10)

where m;>m is the lowest mass of the continuous mass
spectrum contributed by interactions which do not
cause the decay of the particle. In addition, we must
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have the observation time less than the lifetime to be
sure of observing the particle before it decays

T->y=7r1,

where 7 is the half-life.
From Egs. (10) and (11), we find the condition for a
narrow energy peak to imply the existence of a particle

LTI+ ) = (B mad B e, (12)

Thus, if 7! is of one order less than (p*+m?)'/2, then v
is of two orders less than (p*+m?)'2. For the well-
established particles y/m~10715 but it is difficult to
examine resonance scattering experimentally due to the
weakness of the decay interactions. However, the new
meson and baryon resonances have large widths with
v/m~10"1, and their decay interactions are strong,
although it is hard to establish the existence of associ-
ated particles. Hence, it may be possible to study the
‘decay of these new short-lived particles in greater detail
than the weak decay particles.

According to conditions (i) and (ii) above, no single
stable particle can exist if we allow electromagnetic
interactions, for then my,=m and 0< 7<0. Similarly,
for the case of an unstable particle, m;=m and

(11)

McEWAN

0<T-«<0 with the possible exception of an electro-
magnetic decay. It may be possible to prepare some-
thing closely resembling a one-particle state, but it can-
not be freed from the electromagnetic phenomenon of a
“soft photon cloud.” Since we no longer have a particle
in the usual sense, the name infra-particle has been
given to such a particle with a “soft photon cloud.”*
The question of how to describe infra-particles seems
rather separate from that of how to obtain a uniform
description of stable and unstable particles. Hence, we
shall ignore this particular electromagnetic effect and
presume that this will not affect our physical conclusions.
Lastly, we should require the uncertainty in the
momentum Ap or the momentum spread of our one-
particle state be small and therefore that R be large ac-
cording to
(13)

R["1<<Api, 1= 1, 2, 3.

5. ONE-PARTICLE AMPLITUDES

The mass and momentum distributions of the
one-particle state |p,a,V), used in Eq. (6), are con-
tained in the structure of the one-particle amplitude
(0| A (x)| p,e,V). This is clear from the operation of P,
on |p,a,V) which gives

>

P ="M [ dewx P A (5) 0] 4 Mo
b, >——2?/_w : / (@) v<x>[[ ACL 014 e >]| )

ou(s)=zpu

—-”\ /_ ds /_ da,‘(x)XV(x){,: 4@)

au(s)=xzy

]—m; Al pan|lo

>

T i o [ i) 0 4 (x)aixﬂ[%«)l 4@lpan) |10

ou(s)=mzy

)

—0
ou(s)=2zyu

dsda,,(x)[aivav(x)}{A (x);—(o |4 (x)| pyer, V)} |0Y,

ad

(14)

Xy

where the other term, appearing from an integration by parts, vanishes since X' () vanishes outside the finite region

V. Therefore, we can write

L

P, |p,a,V)—2—;>\ K ﬁ ] da,‘(x)lXV(x)[A(x)——(O]A(x)P 1, V)]

dx
ou(s)=zu

e

+[%Xv(x>}[f1(x>a%<ou(x>lp,a,m]}|o>, (15)

which shows that the operation of P, on |p,a,V) is undetermined until we can obtain an expression for

4B, Schroer, in Proceedings of the Mid-West Conference on Theoretical Physics, Argonne, 1962 (unpublished), p. 162.
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(0] A (x)| pyo, V). From the restriction on |p,a,V) in Eq. (6) we readily obtain the following integral equation:

L

—in R 3 |
O14@|pa V)= /_ s /_ ] dw(y)XV(y)l:@[A(x)A(y)|0>a—y;<0|A(y)|P,a:V>:|- (16)
ou(8)=yu

Before we attempt to solve this equation, we note the following results due to Lehmann,!® which are valid for un-
stable particle fields

0

OA@AW[0)=1[ pK)AD (x—y; k*)dx?, (17
0

where we have only used the postulates I to IV and

p(—k2)0(—k2)0(ko)) = (2m)* 3o (0] A (0) | kya){ky| 4 (0)]0) (18)
A (x—y; x2)=(2;1r; /_ ] d*'k0(ko)d (k*+«?) exp[ik(x—y) ]=—AD (y—w;«?). (19)

The state |k,a), used in Eq. (18), belongs to the complete set of eigenstates of P, with eigenvalue k,, and « refers
to any other relevant quantum numbers necessary to specify the state. It is clear from Eq. (18) that p(—£2) is
real and non-negative.

We can now write Eq. (16), using Eq. (17), in the form

L

0lA 14 A wd wd X wdQ ) A 260A 1% 20
014 )] ps >-—2;/_w s / 5(5) V<y>f0 xp<x>[ (=360l 40 1 >]. @
ou(s)=ypu
If we use Eq. (19) and put . .
ha(B)=—— [  diwe*=(0| A (x)| p,o, V), 21
W= [ dw0la@Ipay) (21)

then Eq. (20) becomes

o0

a 1 * 1
h,,(k)=)\/ d4k’0(k0)0(——k2)p(——k2)-|:———/ ds / dau(y)E—EXv(y) exp[i(k’—k)y]](k“+k“’)ha(k’)

_ 2r)t J —w
« (2m) 0
=)\/ d*k'0(ko)0 (— k) p(—k2)F1(ko— ko' ) Fa(k—K) (ko+ ko) ha(R'), (22)
where we have chosen the particular Lorentz frame &,= k%, and put
0 dy() ‘
Putko=k)= [ =2Xr(o)-expliti— )], 23)
1 °° .
Fo(k—K)=—-— [ d*%Xr(y) -exp[i(k'—k)-y]. (24)
(23 ‘
The function Fi(ko—ky'), defined by Eq. (23), can be thought of as an energy filter since
oty [ 22 expfiha k)i =expliho ] (25)
F1 00— 0/ =~ —€Xp 7 0— 0/ Yo_|= €XP A 00— o’t _,
r 2T (ko—k)T

which becomes negligible compared with unity, the maximum value of |Fi(ko—k¢)| in Eq. (25), when
| ko— ko' | >T 1. Similarly, Fo(k—k’) is negligibly small for |k;—k/|>R;™, i=1, 2, 3, and so acts like a momentum
filter. The exact forms of F; and F; depend mainly on the details of the preparation function Xy (y).

Equation (22) is a homogeneous Fredholm integral equation,® for the eigenfunctions %,(k) and eigenvalues \ of

16 H, Lehmann, Nuovo Cimento 11, 342 (1954).
18 See, for example, F. Smithies, Integral Equations (Cambridge University Press, New York, 1958).
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the kernel
K (k') =0(ko)8(—k2)p(—Ek2)F1(ko—kd)Fo(k—k') (kot+kd) . (26)
For a nontrivial solution to exist the Fredholm determinant D(\) must vanish for some value of \, where
o (=N [ 7 K (g1,91) K (g1,94)
DM=1+5 / / digre--dign| . 21)
=tonl e e K(gmg) K (gnyqn)
Also,
K (k') K (k,qx)
" (—)\)" © ) )
N (kR N =MK (BF) N 2 — / e / &gy - - dig,| K (g1,k) K (g1,gn) (28)
n=l 7 —0 —c0 :
. K (gnk") K (gn,gn)
satisfies .
N (k5 ) =ADOK (k)4 / K (kN @3N, (29)

so N is a solution of Eq. (22) for any & when D(A\)=0. We choose %’'=p= (p, (p>+m?)'2) in order to have an
eigenfunction with a momentum spread around p and a mass spread around m. To show this we note that N has

the following form:

N (k,p; N)=0(ko)0(— ) p(—k)Za(k,p; N), (30)
where
G e RGpR(hg) - Kegy)
Zo(l,p; N) =K (B, )+ i : / / dqy- - - diga| K (q1,$)K (91,91) K(q,q4)|, (31)
n=1l ! —0 — M
K (gn,p) K (gn,q1) K (gn,qn)
and large # in Eq. (31), but the series converges uniformly

K (k,q)= (ko+qo)F1(ko—qo)F2(k—q). (32)

It is clear from Egs. (25), (7), (8), (9), and (10) that
F1(ko— (p*+m?)'2) is negligibly small unless ko has a
value close enough to (p>+m?)!/2 to distinguish a peak in
p(—Fk?) near —k?=m? from the rest of the contributions
to p(—k2%). The first term on the right-hand side of
Eq. (31) will project out the resonance pres(—#%?) from
p(—k?) near —k?=m?. The other terms on the right-
hand side of Eq. (31) should be negligible unless
—k?=~m?, since any term in the expansion of

K{(g1,$)K (g1,91) K(g1,4n)
K(gnp)K (gnyg1) K (gnygn)

is negligible unless ko= (p*+m?2)'/2. This follows since all
the terms in the expansion of the above determinant are
of the form

K (gup)K(g5,90) - * - K (g2sq2) K (gerq0) - - - B
XK (Qa';Qb')K (k,Qu’)

which allows us to deduce successively

po= (Qa)oz (gp)o= -+ = (g=)o= (qz')o
~(qy)o= = (qa)o=ko. (33)

The approximation ko= po= (p?+m?)'/2 breaks down for

so the terms with large » are negligible in any case.
Hence, it may be a good approximation for sufficiently
large 7 and 7 to regard g, as an energy-momentum filter
so that we can write

N(k;P; )\) ~ e(kO)o(_k2)Pres(_k2)ga (k;?; >‘) . (34)

The most general form for (k) is, however,
hao(k)=cN (k,p; N)=c0(ko)0(— k%) p(—k)Za(k,p; N), (35)

where ¢ is a constant to be determined by the normaliza-
tion of the one-particle amplitude

ga(2,p; M) =01 4 ()| p,e, V)

00

- / Bhet0 (k)0 (— kD) p(— )
- - Ballp; N).

For a stable particle g, will project out from p(—£?) the
term 8 (£2-+m?) so that g.(x,p; N) closely resembles f(x)
defined in Eq. (2). It is convenient to choose an ortho-
normal set of solutions of Eq. (22) so that

(36)

x| ] / RO (Ra)O(— %) p(— B?)

Xga*(k,p; NG (k,p's N)=0p,p0a,8. - (37)



PARTICLE STATES IN QUANTUM FIELD THEORY

The normalization of the one-particle state |p,e,V) is

2359

>

—ix 0 9
P19 8V)=— / s / °°dxxvoc)[«om<ac>u>,a,1v>> a—%«OIA(x)Ip,ﬁ,V)):I

—ilc| 2
2T

s=xp

0

/ ds / B1Xy () / dhe=i%20 (k)0 (— D) (— KZa* (B, p3N)

00

: / 0 e =0 (k)0 (— %) p(— B2)Za ('3 Ni Cho- )

-0

= lc|A / RO (k)0 (— E)p(— K)Za* (i N)

0

—0

= (2m)*|c|? / @*k0 (ko)0 (— k%) p(—k*)Ze* (R, 03 NEa (k0" N) = 8p, 18,8

Therefore, for stable particles the formulation given here
becomes identical with the Lehmann, Symanzik, and
Zimmermann formulation? in the asymptotic limits
t=—2T, T— +w, i=1, 2, 3; although we have a
more explicit form for f.(k) given by Z.(k,p;)\)
in Eq. (31). We also have the existence condition
D(\)=0 for some nonzero \. We can obtain some infor-
mation about D(\) for the case of stable particles and
planes waves. To reach the plane-wave case, we let
R;— w,i=1, 2, 3, in Eq. (22) so that

F(k—k’) — 6(k—Kk’)
and

o)

ha(k, ko) = >\/ dky'0(ko)0(— k%) p(—k?)

—0

X F1(ko— ko) (kotko Yo (ko). (39)
Also, for stable particles, we have
K (ko,po) = 0 (ko) 6 (k*+m?) (ko+ o) , (40)
which implies that
N (ko,po; N)=NK (ko,0) , (41)
and substituting this in Eq. (29) gives
D(\)=1—AX. (42)

Hence, D(\)=0 when \=1. However, the condition
D(1)=0 is hard to analyze although we suspect that
it is concerned with renormalization.

It is easy to show for this case of stable particles and
plane waves that the one-particle amplitude reduces to
the familiar expression exp[ip-x— 4 (p?-+m2)!/2x, ].

/ a'%'0 (k)0 (— k™) p(—k*)Zs(k',p"N) - (kotko') - (2m)°F 1 (ko— k") Fa(k—K')

(38)

6. THE DECAY LAW

The possibility that the exponential decay law for un-
stable particles fails after very long times has been
already examined by Schwinger® in axiomatic field
theory, and he concludes that the law becomes de-
pendent on the production mechanism. Schwinger con-
sidered that the time dependence of the unstable particle
propagator G(x—x")=14(0| T[4 (x)4 («)]|0) (here T
symbolizes the time ordering of the product of opera-
tors) characterizes the probability of decay and arti-
ficially introduced a mass filter into the propagator to
project out a single-particle term and not a kinemati-
cally equivalent combination of particles. A similar con-
clusion was reached by Jacob and Sachs,'” who used a
perturbation theoretic decay model, and by Newton,'8
who used quantum mechanics with a time-dependent
wave-packet formalism. The latter two works indicate
that it is easier to compare theory and experiment if we
consider the time dependence of the one-particle ampli-
tude as correctly characterizing the probability of decay.
Therefore, we shall assume here that the probability
that the particle has not decayed after a time x> is
given by |(0]|A4 (x)|p,e,V)|2, where ¢ is approximately
the time when the particle is created. Hence, we examine
the time dependence of g.(x,p;\) given in Eq. (36)
which we rewrite as follows:

gall o p; \) = [ dhd(— k) p (— K e—i%om- 3, (b, 3 \)
0

00

[4

——‘_—/ dK2p (K?‘)G_iE“IO 'za (k;EmP; >\) ) (43)

0 (3
where E,= (k2-+«2)1/2,

17 R. Jacob and R. G. Sachs, Phys. Rev. 121, 350 (1961).
18 R, G. Newton, Ann. Phys. (N. Y.) 14, 333 (1961).
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Now compare Eq. (43) with the equation expressing
the time dependence of Schwinger’s mass filtered
propagator given by

i
MG (k0)= / A p (DT M (), (44)
0 2Ex
where
Mk)=1 for |k—m|<Am,
=0 for |k—m|ZAm, (45)

also y<<Am<m, and Am is the precision of the mass
determination.

Clearly, we need only identify c¢g.(k,E.,p;N) with
iM (k) for Schwinger’s subsequent analysis of Eq. (44)
to hold for Eq. (43). We need not repeat this analysis
here, but we state the conclusion that the exponential
law appears to be valid for times x0> ¢ such that

(AE) ' S TK(Em/m) (00— 1) ST, (46)

but for
(En/m) (xo—1t)~ (1/T)*>>1, 47

where @ is a positive number, the exponential law ap-
pears to fail and is no longer independent of observation
mechanisms.

7. MANY-PARTICLE STATES

We have shown that 4y2f, defined by Egs. (6), (36)
and (31), creates a single-particle state with sufficient
accuracy for experimental verification, and it is easy to
show that 4y<is an annihilation operator so

AVD‘[O):O’ (48)

since the particle conditions in Sec. 4 eliminate negative
energy states. Also, we have shown in Egs. (38) that the
one-particle state created by Ay is normalizable. We
have, further,

[A Va'l‘ A V,ﬂ'f:l

SN ——

o o

9 9
x| CAG AN — g Vesp's)|
i, O,
=0, (49)
if the two preparation regions V and V' are spatially

(pues; Varpsas; Vi| poas; Vaipran; Vi)
(i)‘ik 1k2>\3x4

= /T// .../ dsl"'d‘“'dsl,‘"dsfi"XTl(sl)'"XT4(54)X'T1r(51’)--.X
4

BT\ToyTsTWT/'TY'Ts

0 00
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separate so that postulate V applies. Similarly,
[Ave,dvFl=[Ady*Ay-F]=0 (50)

if V and V'’ are spatially separate. With such localized
operators Ay*" and Ay #t, where V and V' are spatially
separate, we can create a two-particle state since there
will be no mutual interaction. Similarly, we can create
many-particle states.

We could now set up an .S matrix for a scattering
process using the familiar Lehmann, Symanzik, and
Zimmermann reduction techniques.? The following
formulas are easily derivable

A gt (x0) *
_—= / BxX g (x)
a(xo) —c0
XA @) j(x,p;\)—T (®)g(x,p;0)], (S1)
where . 9
At (o) = d3xXr(x) [A (x)a—g (x,p;N) }, (52)
—» X
and !
82
(— ———+m2)A (x)=J(x)
65002
(53)
62
(— —~—+m2)g(x,1>; N=7(x,p;N).
6x02
Also
8’ 04 RaT (xo)
/ Ao = At () — At (s).  (54)
s axO
Therefore
ds ds’X r(s)X 7 (s’ / dxg / BxX p(x)
ATT J_ J_w —0

: [A (x>] (x;P> >\>_J(x)g(xyp7 )‘)]=AVDA_AV’“T ) (55)

where the region ¥’ is in the future of the region V. As a
simple application of Eq. (55) for stable particles con-
sider the scattering of two stable bosons of masses m,
and m, prepared in each of two regions Vi, V', which are
spatially separate. At a large future time from V; and
Vs consider regions Vs, V4 which are spatially separate
and in which we have arranged to detect the results of
the scattering. Suppose we detect stable bosons of
masses mz and m, in Vs and V4, respectively. The scat-
tering matrix has the form for nonforward scattering

/T4' (34/)

X/ d(x1)o - / d(x4)0~/ &*xy- - / BrXr(X1) - Xr(X0)g1(X1,05 M)« - - g4* (X4, P45 Ns)

S1 84 —00

92
-
6(x1)02

-0

2

9 (24)?

.y )<o1 TTAx () As () Aa () As(2]0) (56)
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and this will also reduce to the usual Lehmann,
Symanzik, and Zimmermann results if we let

ti=—2Ty; i=1,2,3,4.

T3, Ty— + .

Ty, To— — =,

8. CONCLUSIONS

We have given a prescription for defining a single,
neutral, scalar boson state in Egs. (6), (36), (31), and
(32), (23), and (24). In order to have a uniform de-
scription of stable and unstable particles, we have
formed a very close relationship between a one-particle
state and the corresponding one-particle amplitude. The
structure of the one-particle amplitude follows from the
consistency of the one-particle state definition. The de-
tailed properties of the one-particle amplitude depend
mainly on the details of the preparation of the particle.
We assumed only very general properties for the prepa-
ration function, but we found that it is the more detailed
properties which are likely to determine the decay law
of an unstable particle after a very long time. This
problem of how to introduce new parameters to describe
the preparation mechanism more accurately and to find
their effect on the decay law has already been discussed
by Khalfin.!® It is to be hoped that the new very short-
lived particles will yield significant experimental data
and give some guide towards the solution of this
problem.

For the case of stable particles our formulation will
coincide asymptotically with the Lehmann, Symanzik,
and Zimmermann formulation,? and there is little
difficulty in generalizing to charged bosons and to
fermions of spin 3.

It has proved unnecessary to solve the problem of
finding elementary fields. We have shown that it is
possible to construct unstable as well as stable particle
states without requiring any special properties of the
field operators other than those imposed by the usual
postulates of field theory.

9. FERMIONS

The extension of our formulation to particles with
spin % is different in some details. We indicate briefly, in
this section, how this extension can be carried out.

For a single fermion state with spin § the restriction
analogous to Eq. (6) is

k (-] 0
pha?)=— f_ a / LA

ou(s)=xzy,

XO[¢(x) [ £,3,0,V)|0)  (57)

1T, A. Khalfin, Dokl. Akad. Nauk SSSR 141, 599 (1961)
[translation: Soviet Phys.—Dokl. 6, 1010 (1962)7].
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where ¥:(x)=v,"(x)(y4)qs also Ye(x) is a Heisenberg
spinor field operator describing a spin-} fermion field,
and we are using a set of Hermitian Dirac matrices 71,
Y2, V3, Ve With {v,,7} = 20u.

The manipulation of the integral equation for the one-
particle amplitude is different in detail from the boson
case. We have

(0 1 ‘l’i (x) 1 P,%,a, V>
A

-] /_ X OOl 6)|0)

ou(8)=yy

X ('Yu) 4 v:<0 l ¢n(y) I ?’%:‘x; V> . (58)

The following results due to Lehmann,!® are valid if we
avoid Lehmann’s use of separate P, C, and T trans-
formation invariance

Of¢: (=) (v)]0)

© I¢]
= z/ dx2[<7u"——l<) - p1(x?)
0 9y g

+8e p2 (k) +i(vs) g - pa(k?)

d
-!—(vm-—) -p4<K2)]A<+><x—y;«2), (59)
1334

Xu

where vs="7y1Y2Y3Yo and

— (2m)3 X2 (0]¥:(0) | kyn){k,n [ (0) | 0)
=[(fyukt— (— kY2 gz p1 (— k2 +-8¢er - p2 (— £2)
+i(ys)er - ps(—E)Fi(ysy, k) e - pa(—k?)

+% (‘7‘”) EE’kﬂkvP5(’—k2)]0("—k2) ) (60)

but ¢#=vy"—~"y* and so ¢*k.k,=0. It is possible to

show that the p;(—#2), j=1, 2, 3, 4, are real, and from
postulate V or the (PCT) theorem,? we find

(= K201 (— ) 2 [ (pa(— 1) — (=) 2pn (—R))?
] +(os(— )+ (pa(—B)P T (61)
O19:(@)P (0)]0)

= ('Yﬁ)Eﬂ<0 | ‘;n' (0)\071(95) IO> (vs) E . (62)

Using Eq. (59) and taking the Fourier transform

0

1
wg (k) = d4xe_ikz<0 l ‘pE (x) I P,%:a, V> (63)

(2m)t )

D L. Lovitch and Y. Tomozawa, Nuovo Cimento 24, 1147
(1962).
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then Eq. (58) can be written as follows:

McEWAN

A * ° ds °° ® 0
)= [ dtaeivs / > / do»(5) Xy (3)- f dle:('yv-——x> p1(62)+8580(6%) i (v8) ()
(27")4 —0 —0 2T s —0 3% _

au(s)=yyu

Xy

0

0 1 ®
—I—(’ym-a—> pm]—— / AR5 () - () f B 0 (),
X/ £t

(@m) )

0

—x0

=>\/ de*[ (v, B — i) g p1 (k) 85 pa (k) +1 (v5) e p3 (k2) 1 (v5v,k?) £ pa (k2) ] 0 (ko) 6 (k2 +«2)
0

/_: d%”[ (zir)s

If we introduce positive energy spinors #; and #; such
that
i bt (—BP] =0, =15 j=1,2 (65)

and note the following results:
5y Byg=— (— ), (— )iy =
w;(tys)u=1; (bysy - k)u;=0;
then we find

. (66)
=112,

0

[ew (k) ]= )\/ k' [pa(— k%) —2(—k2)Y2p (—k2)]

0(ko)0(—k2) - F1(ko—ko')Fo(k—k')

X[ (k) (—iv)u k) L@, ()], (67)

/ Ed% / )Xy ) D |- (o). (69

cu(s)=yu

which can be solved in the same way as in the boson
case, since [pa(—k2)—2(—k2)2p;(—£%)] has the same
properties as p(—£2).
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